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We investigate vacuum entanglement harvesting in the presence of a zero mode. We show that,
for a variety of detector models and couplings (namely, Unruh-DeWitt qubit and harmonic oscillator
detectors, amplitude and derivative coupling), the results are strongly dependent on the state of the
zero mode, revealing an ambiguity in studies of entanglement harvesting with Neumann or periodic
boundary conditions, or in general in spacetimes with toroidal topologies.
I. INTRODUCTION
Many developments in recent years have shown that
fruitful progress in our understanding of quantum field
theory (QFT) and fundamental physics can be attained
by applying insights and tools from quantum information
theory. Much attention has been focused on the entan-
glement structure in quantum field theory, since it was
shown that different regions of QFT vacua contain classi-
cal correlations and entanglement even if the regions are
spacelike separated [1, 2]. Vacuum entanglements plays a
crucial role in a plethora of fundamental phenomena such
as the black hole information loss problem [3–6]. Fur-
thermore, from the perspective of quantum information,
entanglement is a resource that can be used to perform
information processing tasks [7–9], thus being able to ex-
tract or use entanglement contained in readily available
QFT states would be both of fundamental and practical
interest.
The fact that one can indeed extract entanglement
from the vacuum of a QFT using a pair of initially uncor-
related two-level quantum systems was first established
in the pioneering work of Valentini [10] and later by
Reznik et al. [11, 12]. This phenomenon has gained
attention in recent years and is now known as entan-
glement harvesting. Entanglement harvesting has been
shown to be sensitive to accelerations [13], time depen-
dence of the interaction and number of spacetime di-
mensions [14], spacetime curvature [15–18], spacetime
topology [19], boundary conditions [20, 21], field state
[22], and more recently also indefinite causal order [23].
In more practical settings, entanglement harvesting has
been investigated in different realistic experimental se-
tups [24–30]. To study this phenomenon it is common
to consider the Unruh-DeWitt (UDW) particle detector
model [31, 32]—which consists of the monopole coupling
of a detector to a scalar field—is a particularly natu-
ral simplified model of light-matter interaction. Stud-
ies of entanglement harvesting with the more complex
full-fledged electromagnetic field interaction and realistic
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atomic models have indeed revealed that the fundamen-
tal features of this interaction were captured already at
the level of the UDW model [33].
A massless quantum scalar field in flat spacetime sub-
ject to periodic or Neumann boundary conditions in all
spatial directions is known to exhibit a zero mode [34, 35],
which is associated to the spatially constant Fourier com-
ponent of the field’s mode decomposition. It also arises
for spacetimes with compact spatial section like de Sitter
when the field is minimally coupled to curvature [36, 37],
and also for non-scalar fields such as Dirac fermions with
analogous boundary conditions [38, 39]. Since zero modes
do not admit a Fock representation, several studies have
opted to remove them by hand, which is akin to assuming
that it has a negligible impact on the physics in question
(e.g., among others, [40–44]). Indeed in some cases the
effect of the zero mode can be minimized or neglected
[35], but in general they have strong phenomenological
consequences in the light-matter interaction, since it af-
fects particle detectors’ responses, the field stress-energy
tensor, and two-detector entanglement dynamics [35, 45].
Perhaps more importantly, ignoring the zero mode yields
strong causality violations in particle detector models
[34].
In this paper we study the role of the zero mode on the
entanglement dynamics of two Unruh-DeWitt detectors
on (1 + 1)-dimensional Einstein cylinder. We consider
both the case of two-qubits and the case of two harmonic
oscillators as detector models, and both in the case of the
usual UDW coupling and the less common (but employed
in [45]) derivative coupling [46–50]. We will see that, in
all cases, the zero mode contribution can never be ignored
when considering the entanglement dynamics of the field.
In particular we show that even when choosing states
of minimal uncertainty for the zero mode, the impact
cannot be made zero in general. Furthermore there is an
important dependence on the state of the zero mode in
the entanglement dynamics of the detectors. Because of
this, we will finally argue that there is no a priori way to
choose the state of the zero mode and therefore the study
of entanglement harvesting (and even detector dynamics)
in the presence of a zero mode when the results depend
on its state produces ambiguous results.
This paper is organized as follows. In Section II we in-
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2troduce the Unruh-DeWitt formalism for entanglement
harvesting and a brief review of the zero mode. In Sec-
tion III we show the impact of zero mode on the entan-
glement negativity of the two detectors’ joint density ma-
trix. In Section IV we briefly discuss how the results gen-
eralize to other UDW-like models such as derivative cou-
pling model, harmonic oscillator detectors, and in higher
dimensions. We make our conclusions in Section V. We
adopt the units c = ~ = 1 and also positive signature
for the spacetime metric. We will also sometimes use
x ≡ (t, x) to denote a spacetime point.
II. SETUP
A. Scalar field in Einstein cylinder
We consider a quantum massless scalar field φˆ(t, x) in
a (1+1)-dimensional Einstein cylinder, i.e. flat space-
time with topological identification (t, x) ∼ (t, x + L)
such that the spacetime is topologically R × S1. This
is equivalent to applying periodic boundary conditions
on the scalar field. The quantization inertial frame of
coordinates x = (t, x) will be called ‘laboratory frame’
throughout the paper. In the lab frame, the field admits
a mode decomposition given by
φˆ(t, x) = φˆzm(t) + φˆosc(t, x) , (1)
φˆosc(t, x) =
∑
n 6=0
1√
4pi|n|
[
aˆne
−i|kn|t+iknx + h.c.
]
, (2)
where kn = 2pin/L and n ∈ Z \ {0}. Notice that for
periodic boundary conditions there is a zero mode, that is
a spatially constant mode φˆzm(t). The modes in φˆosc(t, x)
will be referred to as the ‘oscillator modes’.
In the context of light-matter interaction, particle de-
tectors such as those in the Unruh-DeWitt model neces-
sarily couple to the zero mode. This coupling to the zero
mode is essential. Indeed, if one ignores the coupling of
the detector to the zero mode one would get physically
unacceptable behaviour in the detector-field interaction.
Namely, the detector model critically violates causality
and can signal faster than light if the zero mode is ig-
nored [34]. What is more, once we consider that the
zero mode needs to be part of the light-matter coupling
model, one cannot just assume its impact on the dynam-
ics is negligible: it has been shown that the zero mode
may induce non-trivial effects on the physics of particles
detectors [35, 38, 39].
For φˆosc we can define a Fock vacuum |0〉 as the state
satisfying aˆn |0〉 = 0 for all n 6= 0 with the usual canon-
ical commutation relation [aˆi, aˆ
†
j ] = δij1 . However, the
zero mode does not admit a Fock vacuum since its dy-
namical behaviour is the same as that of a quantized
non-relativistic free particle [34, 35]. Indeed, the classi-
cal Lagrangian of the zero mode can be written as
Lzm = LQ˙
2
2
, (3)
where Q is the spatially constant Fourier component of
classical field φ, i.e. Q = φzm(t). Therefore, the zero
mode is dynamically equivalent to a non-relativistic free
particle on the real line R with effective mass L, and the
field amplitude φˆzm can be viewed as a generalized posi-
tion variable in phase space. Defining P to be the con-
jugate momentum to Q, the classical Hamiltonian reads
Hzm =
P 2
2L
, P =
∂Lzm
∂Q˙
, (4)
Quantization of the zero mode then proceeds the same
way as the quantization of a non-relativistic free particle,
where we promote the classical variables Q,P to opera-
tors in Heisenberg picture Qˆ, Pˆ respectively. If we now
define QˆS , PˆS to be the corresponding operators in the
Schro¨dinger picture with canonical commutation relation
[QˆS , PˆS ] = i1 , it follows that φˆzm(t) can be expressed as
φˆzm(t) = Qˆ(t) = QˆS +
PˆSt
L
. (5)
We note that the construction of the zero mode as done
above can be generalized to arbitrary (n+1) dimensional
spacetime M where the spacelike hypersurface is topolog-
ically an n-torus (M ∼= R×Tn), where Tn = S1× ...×S1
[34].
B. Unruh-DeWitt model
We consider two spacelike-separated observers, Alice
and Bob, each carrying one UDW detector that can in-
teract with the field locally. In our setup we consider
each detector to be a two-level system co-moving relative
to the quantization frame whose coordinates are (t,x),
so that the proper time of each detector is τ = t (see
e.g., [51]). The monopole moment of each detector in
the interaction picture is given by [32]
µˆν(t) = σˆ
+
ν e
iΩνt + σˆ−ν e
−iΩνt , (6)
where ν = {A,B} denotes Alice and Bob respectively
and Ων is the energy gap of detector ν. We denote
|gν〉 , |eν〉 to be the ground and excited states of the de-
tectors respectively, the su(2) ladder operators are simply
σˆ+ν = |eν〉〈gν | and σˆ−ν = |gν〉〈eν |.
The interaction Hamiltonian of the detectors-field sys-
tem in (n + 1)-dimensional spacetime is given is given
by
HˆI(t) =
∑
ν={a,b}
λνχν(t)µˆν(t)
∫
dnxFν(x− xν)φˆ (t,x) ,
(7)
3where Fν(x) is the spatial smearing of detector ν, which
is centered at xν , χν(t) is the switching function and λν
the coupling strengths. The monopole moment operators
in this Hamiltonian are understood as µˆa(t) ≡ µˆa(t)⊗1 b
and µˆb(t) ≡ 1 a ⊗ µˆb(t).
We assume that the system is initialized in the follow-
ing uncorrelated state
ρˆ0 = |ga〉〈ga| ⊗ |gb〉〈gb| ⊗ ρˆφ , (8)
where ρˆφ is the field state. The field state can be further
decomposed into the zero mode and oscillator mode com-
ponents. For the purposes of this paper, we assume that
the field starts in an initially uncorrelated product state
of the zero mode and the oscillator mode ρˆφ = ρˆzm⊗ ρˆosc,
and for simplicity assume that ρˆosc has vanishing one-
point function, i.e.
Tr(ρˆoscφˆosc(x)) = 0 . (9)
This assumption is still very general and includes, e.g.,
the vacuum state of the field, squeezed vacuum or ther-
mal states of any temperature (any Gaussian state whose
Wigner function is centered at zero).
The time evolution operator is given by the usual time-
ordered exponential
Uˆ = T exp
(
−
∫ ∞
−∞
dt HˆI(t)
)
. (10)
Working perturbatively up to second order in λ, we can
write
Uˆ = Uˆ (0) + Uˆ (1) + Uˆ (2) +O(λ3) , (11)
where Uˆ (j) is of order λj . Up to second order, these are
given by
Uˆ (0) = 1 , (12a)
Uˆ (1) = −i
∫ ∞
−∞
dt HˆI(t) , (12b)
Uˆ (2) = −
∫ ∞
−∞
dt
∫ t
−∞
dt′ HˆI(t)HˆI(t′) . (12c)
Therefore, we can write the time-evolved state as
ρˆ = Uˆ ρˆ0Uˆ
† =
∞∑
j=1
ρˆ(j) , (13)
where ρˆ(j) is of order λj in perturbation theory. Again,
to second order, the perturbative contributions to time
evolution are given by
ρˆ(0) = ρˆ0 , (14a)
ρˆ(1) = Uˆ (1)ρˆ0 + ρˆ0Uˆ
(1)† , (14b)
ρˆ(2) = Uˆ (2)ρˆ0 + Uˆ
(1)ρˆ0Uˆ
(1)† + ρˆ0Uˆ (2)† . (14c)
By tracing out the field, the joint reduced density ma-
trix for the two detectors (after interaction) in the basis
{|gagb〉 , |gaeb〉 , |eagb〉 , |eaeb〉} reads (see e.g, [14])
ρˆ =
1− Laa − Lbb 0 0 M
∗
0 Lbb Lba 0
0 Lab Laa 0
M 0 0 0
+O(λ3) , (15)
where
Lij = λiλj
∫
dtdt′ e−iΩiteiΩjt
′
χi(t)χj(t
′)W (xi(t), xj(t′)) , i, j = A,B ,
M = −λaλb
∫ ∞
−∞
dt
∫ t
−∞
dt′χa(t)χb(t′)eiΩat+iΩbt
′
(W (xa(t), xb(t
′)) +W (xb(t), xa(t′))) .
(16)
W (xa(t), xb(t
′)) is the pullback of the Wightman function
along the detectors’ trajectory, i.e.
W (xa(t), xb(t
′)) = Tr(ρˆφφˆ(xa(t))φˆ(xb(t′))) . (17)
We note that, for our case, the full Wightman function
can be conveniently split into two parts, namely the zero
mode and the oscillator mode Wightman functions:
W (x, x′) = Wzm(t, t′) +Wosc(x, x′) , (18)
Wzm(t, t
′) = Tr(ρˆzmφˆzm(t)φˆzm(t′)) , (19)
Wosc(x, x
′) = Tr(ρˆoscφˆosc(x)φˆosc(x′)) . (20)
To see this, observe that
W (x, x′)
= Trφ
(
ρˆ0φˆ(x)φˆ(x
′)
)
= Trφ
(
ρˆ0φˆzm(x)φˆzm(x
′)
)
+ Trφ
(
ρˆ0φˆzm(x)φˆosc(x
′)
)
+ Trφ
(
ρˆ0φˆosc(x)φˆzm(x
′)
)
+ Trφ
(
ρˆ0φˆosc(x)φˆosc(x
′)
)
= Tr
(
ρˆzmφˆzm(x)φˆzm(x
′)
)
+ Tr
(
ρˆoscφˆosc(x)φˆosc(x
′)
)
+ Tr
(
ρˆzmφˆzm(x)
)
Tr
(
ρˆoscφˆosc(x
′)
)
+ Tr
(
ρˆoscφˆosc(x
′)
)
Tr
(
ρˆzmφˆzm(x)
)
= Wzm(t, t
′) +Wosc(x, x′) , (21)
4where in the last equality we have used the vanishing
one-point function (9). This decomposition simplifies the
analysis as it allows us to cleanly separate the contri-
bution coming from the zero mode and the oscillatory
modes. For example, in the reduced detector density
matrix (16) we have that Ljj = Ljj,zm + Ljj,osc and
M =Mzm+Mosc as they are all linear in the full Wight-
man function W (x, x′).
Finally, any Wightman function can be written as the
sum of the Hadamard part (anti-commutator) C+ and
the Pauli-Jordan part (commutator) C−:
Wosc/zm(x, x
′) =
1
2
C+osc/zm(x, x
′) +
1
2
C−osc/zm(x, x
′) , (22)
where
C+osc/zm(x, x
′)
= Tr
(
ρˆosc/zm
{
φˆosc/zm(x), φˆosc/zm(x
′)
})
, (23)
C−osc/zm(x, x
′)
= Tr
(
ρˆosc/zm
[
φˆosc/zm(x), φˆosc/zm(x
′)
])
. (24)
The Hadamard functions are state-dependent while the
commutator expectations are independent of the field
state chosen. We are going to focus on vacuum entan-
glement harvesting, so, for our purposes we will consider
the field to be in a Fock vacuum ρˆosc = |0〉〈0|osc, which
certainly satisfies Eq. (9). The Hadamard functions read
C+osc(x, x
′)
= −
log
(
1− e 2ipi(∆u−i)L
)
4pi
−
log
(
1− e 2ipi(∆v−i)L
)
4pi
−
log
(
1− e− 2ipi(∆u−i)L
)
4pi
−
log
(
1− e− 2ipi(∆v−i)L
)
4pi
,
(25)
C+zm(t, t
′) = 2 〈Q2S〉+ 2 〈P 2S〉
tt′
L2
+ 〈{QS , PS}〉 t+ t
′
L
,
(26)
while the commutators are
C−osc(x, x
′)
= −
log
(
1− e−2ipi(∆u−i)L
)
4pi
−
log
(
1− e−2ipi(∆v−i)L
)
4pi
+
log
(
1− e 2ipi(∆u−i)L
)
4pi
+
log
(
1− e 2ipi(∆v−i)L
)
4pi
,
(27)
C−zm(t, t
′) = − i∆t
L
. (28)
Here we use the shorthand ∆t = t − t′, ∆u = u − u′,
∆v = v − v′, where u = t− x, v = t+ x. Since we want
to prove that entanglement harvesting is indeed strongly
dependent on the choice of zero mode state, let us make
a similar choice as in [35] and consider the zero mode in
what would be the ground state of a quantum harmonic
oscillator with the following first and second moments:
〈QS〉 = 〈PS〉 = 〈{QS , PS}〉 = 0 ,
〈Q2S〉 =
1
2γ
, 〈P 2S〉 =
γ
2
.
(29)
This state has the property that it saturates the Heisen-
berg uncertainty relation and strongly simplify all our
subsequent calculations. The constant γ that appears
above is related to the mass m and frequency ω of a
standard quantum harmonic oscillator by γ = mω/(2~).
For this choice, the Hadamard piece for the zero mode
reads
C+zm(t, t
′) =
1
γ
+ γ
tt′
L2
. (30)
III. RESULTS AND DISCUSSION
In order to measure the amount of entanglement be-
tween the detectors after interaction with the field,
we employ the negativity N [52], which for two two-
dimensional systems (like our two-detector system) is an
entanglement measure. Up to second-order in pertur-
bation theory, due to translational invariance this boils
down to a very simple calculation involving the matrix
elements of (16):
N = max{0, |M| − Ljj}+O(λ3) , j = A,B . (31)
This expression has the advantage that it cleanly sepa-
rates the local noise terms Ljj coming from each detec-
tor’s response and the non-local term M, thus entan-
glement is generated between the two detectors if the
non-local term dominates local noise. For two qubits,
negativity vanishes if and only if the two-qubit state is
separable [52–54].
We will now explicitly compute the matrix elements
M and Ljj . For simplicity we assume that Ωa = Ωb =
Ω, λa = λb = λ, and that the switching functions are
Gaussians 1
χa(t) = χb(t) =: χ(t) = e
− t2
2T2 . (32)
We will also focus on the pointlike detector limit where
the smearing function F (x) = δ(x). Note that spatial
smearing does not impact the zero mode at all because
the Wightman function for the zero mode is independent
of spatial coordinates, thus this simplification will not
affect the physics of the zero mode. Note that due to
1 We use e−t
2/2T2 instead of the more commonly used e−t
2/T2
in UDW literature because the expressions for the zero mode
contributions to the detector density matrix is cleaner (without
factors of 1/4 around).
5Gaussian tails of the switching, the observers will only
be approximately space-like but this will not affect the
main claims of our results.
For the oscillator part, we evaluateMosc and Posc nu-
merically. For the zero mode, the contribution to the
joint detector density matrix elements admits closed ex-
pressions via Fourier transform and convolution theorem.
We first note that in the simplest case where the detectors
are at rest relative to the quantization frame, we have
Laa,zm = Lbb,zm =: Lzm, since the Wightman function
of the zero mode is invariant under spatial translations.
Therefore, we can write
Lzm = 1
2
(L+zm + L−zm) , (33)
where
L+zm = λ2
∫
dtdt′χ(t)χ(t′)e−iΩ(t−t
′)C+zm(t, t
′) = λ2
2piT 2e−T
2Ω2
(
γ2T 4Ω2 + L2
)
γL2
, (34)
L−zm = λ2
∫
dtdt′χ(t)χ(t′)e−iΩ(t−t
′)C−zm(t, t
′) = −λ2 4piT
4Ωe−T
2Ω2
L
. (35)
Therefore, the zero mode contribution reads
Lzm = λ2
pie−T
2Ω2
(
LT − γT 3Ω)2
γL2
. (36)
Note that this term does not vanish as L → ∞, and
instead it tends to a finite positive value
lim
L→∞
Lzm = λ2piT
2e−T
2Ω2
γ
, (37)
thus we do not recover the free-space limit where the
zero mode does not exist. This is particularly remark-
able since, for the response of particle detectors, it im-
plies that the limit of very large cavity does not commute
with the quantization of the field. That is, in the pres-
ence of detectors, a very large periodic cavity is not the
same as Minkowski space. From an operational perspec-
tive this means that a detector that is switched on for a
finite time can tell that it lives in a periodic cavity even
if very far away from the ‘walls’ through the zero mode
contributions to its transition probability. As we will see
later this is a result of the UDW coupling, and this phe-
nomenon is not there if we consider derivative coupling,
highlighting, as already discussed in [35] that the deriva-
tive coupling suffers less from the zero-mode ambiguities
than the usual UDW. We will hold further discussion
of this until Section III. We also note that Lzm → 0 as
T →∞, i.e. the zero mode contribution to the transition
probability vanishes in the long interaction limit.
Note that we can also split the non-local term into the
commutator and anti-commutator pieces,
Mzm = 1
2
(M+zm +M−zm) . (38)
Closed form expressions can be found as well from
Eq. (16):
M+zm = λ2
4i
√
piT 3e−Ω
2T 2
L
, (39)
M−zm = −λ2
2piT 2e−T
2Ω2
(
L2 − γ2T 4Ω2)
γL2
, (40)
and together they give
Mzm = −λ2
e−T
2Ω2
(
piL2T 2 − 2i√piγLT 3 − piγ2T 6Ω2)
γL2
(41)
These also do not vanish in the L → ∞ limit, and curi-
ously this limit is equal to the large cavity limit of Lzm
(up to a sign):
lim
L→∞
Mzm = −λ2piT
2e−Ω
2T 2
γ
= − lim
L→∞
Ljj,zm . (42)
Again, we note that as L → ∞, the zero mode contri-
bution does not vanish for any finite interaction time T .
This means that the procedure of coupling detector to a
field does not commute with the large cavity limit. This
difference between cavity and continuum UDW model
was also observed in the study of resonance in UDW
model [55]. Using Eq. (31), we get
N = max {0, (|Mosc +Mzm| − Losc − Lzm)}+O(λ4) .
(43)
Eqs. (36) and (41) make clear that the zero mode contri-
bution to negativity vanishes at second order in perturba-
tion theory when either T →∞ (i.e., the long time limit)
or γ → ∞ (i.e. the Gaussian state is infinitely squeezed
into the eigenstate of QS which has infinite 〈P 2S〉).
In Figure 1 and Figure 2 we show the effects of the zero
mode on the negativity of the two detectors for various
choice of tunable setup parameters. The results clearly
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size. The zero mode impacts negativity up to some maximum length beyond which no entanglement can be extracted by the
detectors regardless of the zero mode. The length L is chosen so that the two detectors are very strongly spacelike separated
despite the Gaussian tail of the switching function.
20 40 60 80 100
0.05
0.10
0.15
0.20
0.25
0.30
0.35
Excluding ZM Including ZM
TΩ = 1, LΩ = 10, |xa − xb| = L2(a)N/λ˜2
γ
20 40 60 80 100
0.02
0.04
0.06
0.08
0.10
0.12
Excluding ZM Including ZM
TΩ = 1, LΩ = 20, |xa − xb| = L2
(b)N/λ˜2
γ
100 200 300 400 500
0.01
0.02
0.03
0.04
0.05
Excluding ZM Including ZM
TΩ = 1, LΩ = 25, |xa − xb| = L2(c)N/λ˜2
γ 200 400 600 800 1000
0.0005
0.0010
0.0015
0.0020
0.0025
0.0030
Excluding ZM Including ZM
TΩ = 1, LΩ = 29, |xa − xb| = L2(d)N/λ˜2
γ
FIG. 2. Negativity as a function of squeezing parameter of the harmonic oscillator wavepacket for the zero mode γ, for various
choices of cavity size L (in units of Ω). In all plots the detectors are separated by half the cavity size (|xa − xb| = L/2). The
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demonstrate how the zero mode can contribute signifi-
cantly to the entanglement dynamics of the two detec-
tors even at leading order in perturbation theory. Fig-
ure 1 shows that for a larger cavity and larger detector
separation, the zero mode leads to less efficient entan-
glement harvesting. Furthermore, Figure 2 also shows
that the amount of entanglement depends very much on
the “frequency” of the harmonic oscillator wavepacket γ,
which can be thought of as the squeezing parameter of
the (Gaussian) state of the zero mode. Note that for
larger detector separation, the zero mode tends to im-
prove entanglement generated by tuning the squeezing
parameter γ to be sufficiently large. This discussion il-
lustrates strong dependence of entanglement harvesting
on the choice of zero mode state, which is an ambiguity
of the theory.
7IV. UDW-LIKE MODELS AND
GENERALIZATION TO HIGHER DIMENSIONS
In this section we briefly discuss the impact of the
zero mode on entanglement harvesting for two classes of
UDW-like models, namely 1) derivative coupling model,
and 2) when the internal degrees of freedom of the de-
tectors are described by harmonic oscillators. We will
also comment on the generalizations to higher spacetime
dimensions.
A. Derivative coupling model
For the derivative coupling model [46–50], the pullback
of the Wightman function on the trajectory of the detec-
tor is
A(x(t), x(t′)) := Tr
(
ρˆφ∂tφˆ(x(t))∂t′ φˆ(x(t
′))
)
= ∂t∂t′W (x(t), x(t
′)) . (44)
It is then easy to parallel what we did above and see
how zero mode component affects the efficiency of en-
tanglement harvesting for a derivative coupling. Using
the expression for C±zm(t, t
′) in Eqs. (26) and (28), we
can compute the derivative coupling Wightman function
easily, which reduces to
Azm(x(t), x(t′)) = γ
2L2
. (45)
The relevant density matrix elements associated to zero
mode are now
LAzm = λ2
piγT 2e−T
2Ω2
L2
, (46)
MAzm = −λ2
piγT 2e−T
2Ω2
L2
, (47)
i.e. MAzm = −LAzm. Therefore, for derivative coupling,
there are choices for the zero mode state such that its
contribution to harvesting vanishes. Namely, for either
one of the following limits: T →∞, L→∞, and γ → 0
(compared to T → ∞ or γ → ∞ for linear coupling).
Note that strictly speaking one cannot take the squeez-
ing parameter γ → 0 (or γ → ∞) as it corresponds to
non-normalizable eigenstate of PS (or QS). We also ob-
serve that unlike the linear coupling case, the derivative
coupling zero mode contribution does vanish in the large
cavity limit.
Note that despite the fact that there are choices of the
zero mode state that cancel the contribution to harvest-
ing for the derivative coupling in some limits, it certainly
does not mean that the derivative coupling is devoid of
problems for harvesting in the presence of a zero mode.
The derivative coupling has exactly the same issues as
the usual UDW coupling. Concretely, the amount of en-
tanglement harvested is still strongly dependent on the
particular choice of zero mode state, and there is, in prin-
ciple, no good reason to choose one state or another for
the zero mode of the field in the Einstein cylinder. If one
would like to choose a tailor-made state that makes the
harvesting calculations coincide with the case of ignoring
the zero mode, one would still need to justify why that
choice of zero mode state is physical in any way.
B. Harmonic oscillator UDW detectors
We consider two pointlike harmonic oscillators of unit
mass with frequencies ωA and ωB respectively. The in-
teraction Hamiltonian is given by
HˆI,HO(t)
=
∑
ν={a,b}
λνχν(t)qˆν(t)
∫
dnxFν(x− xν)φˆ(t,x) , (48)
where ν = A,B labels the two detectors, and we couple
to the quadrature
qˆν(t) = aˆνe
−iωνt + aˆ†νe
iωνt , (49)
with the usual ladder operators of the harmonic os-
cillator aˆν and aˆ
†
ν satisfying the commutation relation
[aˆµ, aˆ
†
ν ] = δµν1 . The ground state of each detector,
denoted |0ν〉, is defined to be the state that satisfies
aˆν |0ν〉 = 0, where ν = A,B. As in the two-level case in
Section II, we consider the full ground state to be given
by
ρˆ0 = |0a〉〈0a| ⊗ |0b〉〈0b| ⊗ ρˆφ , (50)
where the field state is the same as before, i.e. ρˆφ =
ρˆzm ⊗ ρˆosc, with ρˆosc chosen to be the Fock vacuum, and
the zero mode state is a harmonic oscillator ground state
parametrized by γ with first and second moments given
by Eq. (29).
Using the time evolution operator
UˆHO = T exp
(
−
∫ ∞
−∞
dt HˆI,HO(t)
)
, (51)
the reduced joint density matrix of the detectors can be
computed using
ρˆab = Trφ
(
UˆHOρˆ0Uˆ
†
HO
)
. (52)
At leading order in perturbation theory, the sec-
ond excited state of each harmonic oscillator
contribute to ρˆAB: in terms of ordered basis
{|0a0b〉 , |0a1b〉 , |1a0b〉 , |1a1b〉 , |0a2b〉 , |2a0b〉}, the
leading order joint density matrix is a 6× 6 matrix given
by [56]
ρˆAB =

1− Laa − Lbb 0 0 M∗ K∗b K∗a
0 Lbb Lba 0 0 0
0 Lab Laa 0 0 0
M 0 0 0 0 0
Kb 0 0 0 0 0
Ka 0 0 0 0 0
 , (53)
8where theM,Lµν are the same as Eq. (16). As discussed
in earlier work [56], at leading order, there are new matrix
elements that appear because we consider a harmonic
oscillator detector rather than a qubit one, these are the
terms Kν which take the form
Kν := −λ2ν
∫ ∞
−∞
dt
∫ t
−∞
dt′ χν(t)χν(t′)eiων(t+t
′)
×W (xν(t), xν(t′)) , ν = A,B . (54)
Again for simplicity we consider identical pointlike detec-
tors (ωa = ωb = ω, λa = λb = λ, χa(t) = χb(t) = χ(t))
with smooth Gaussian switching given by Eq. (32), so
the two negative eigenvalues of ρˆab take the form
E1 = −|M|+ Lνν , j = A,B , (55a)
E2 = −|Lab|2 − |Ka|2 − |Kb|2 , (55b)
but since E2 = O(λ
4), it does not affect negativity at
leading order. Hence, to leading order we get [56]
NHO = max{−E1, 0}+O(λ4)
= max{|M| − Lνν , 0}+O(λ4) , (56)
which is identical to Eq. (31) up to identification of the
tunable parameters of each model, e.g. the two-level sys-
tem’s energy gap Ω with that of the harmonic oscilla-
tor Ω → ω. This has also been pointed out in [56, 57].
Since the zero mode is unchanged, in the context of en-
tanglement harvesting harmonic oscillator UDW model
will share the same zero mode ambiguity problem as the
two-level UDW model.
We note that the formal expression for the density
matrix is identical even if we consider derivative cou-
pling, since only the Wightman function is changed
from the amplitude coupling to derivative coupling case.
Therefore, the computations done in the two-level case
would carry through for harmonic oscillator case as well.
In summary, the harmonic oscillator detector model
presents the same zero-mode ambiguities as the qubit
model both for derivative and amplitude coupling.
C. Generalizations to higher dimensions
The results obtained so far apply not only to the (1+1)-
dimensional Einstein cylinder but also to any number of
spatial dimensions. In particular, analogous results hold
for a toroidal spacetime in (n+ 1)-dimensions where the
spacelike hypersurface at constant t has topology S1 ×
... × S1. The reason is that the zero mode is given by
exactly the same expression except with the “effective
mass” Ln instead of L in the zero mode Hamiltonian
(see, e.g., [34]):
Hˆzm,(n+1) =
Pˆ 2
2Ln
. (57)
Therefore, the features studied in this paper (and criti-
cally the strong dependence of entanglement harvesting
on the state of the zero mode) will be present as well in
arbitrary dimensions.
V. CONCLUSION
We have discussed entanglement harvesting in space-
time topologies where a zero mode is present (e.g., the
(1 + 1)-dimensional Einstein cylinder). In studying en-
tanglement harvesting one couples two particle detectors
to the field. The coupling of the detectors to the zero
mode cannot be ignored. If the detectors do not couple
to the zero mode they are able to signal superluminally
[34], and as such, the study of spacelike entanglement
harvesting becomes ill-defined unless the zero mode is
considered.
We have studied the role of the zero mode on entan-
glement harvesting with two different particle detector
models (Unruh-DeWitt [31, 32] and derivative coupling
[35, 46–50]) that have been used in previous literature
to study harvesting in the Einstein cylinder (e.g., [45]).
Due to the lack of Fock representation, for the zero mode
we considered a family of Gaussian states parametrized
by a ‘squeezing’ parameter and showed that entangle-
ment harvesting is strongly dependent on the choice of
the zero mode state.
There are two possible ways of reading this result: first,
if one has control on the state of the zero mode one can
see that the size of a periodic cavity, and the detector
separation affects entanglement harvesting through the
zero mode dynamics. In particular, harvesting is less
efficient for a smaller cavity and for larger detector sep-
aration. Furthermore, entanglement harvesting can be
improved by tuning the state of the zero mode, for ex-
ample, increasing the squeezing parameter for the family
of Gaussian states considered in this paper.
Second, and perhaps the most important result: we
observe that 1)—there are no a priori reasons to choose
one state or another for the zero mode (there is no ‘vac-
uum’ state for the zero mode) and 2)—at leading order
in perturbation theory, the zero mode state has a signif-
icant influence on the entanglement dynamics between
two detectors. These two factors lead to the conclusion
that the study of entanglement harvesting in spacetimes
with periodic topologies suffers from strong ambiguities
(again, in the absence of a good reason to select a state
for the zero mode). This is true regardless of the nature
of the detector-field coupling, e.g., whether it is a UDW
coupling or a derivative coupling does not change this
result.
An interesting future direction is to consider how the
entanglement harvesting protocol works in the compact-
ified free boson model [58]. The compactified free boson
model also has discrete spectrum, and it is the standard
way of dealing with the zero mode in the context of two-
dimensional CFTs that maintains causal behaviour and
9unitarity of the theory. It is reasonable to expect that
the detector response and entanglement harvesting am-
biguities can be solved in the compactified boson model.
Comparing the results with the results in this paper is
left for future work.
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